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Abstract 

We give a condition on a piecewise constant roof function and an 
irrational rotation by a on the circle to give rise to a special flow having 
the mild mixing property. Such flows will also satisfy Ratner's property. 
As a consequence we obtain a class of mildly mixing singular flows on the 
two-torus that arise from quasi-periodic Hamiltonians flows by velocity 
changes. 

1 Introduction 

A finite measure-preserving dynamical system is mildly mixing (see |8j) if its 
Cartesian product virith an arbitrary ergodic conservative (finite or infinite) 
measure-preserving dynamical system remains ergodic. It is an immediate ob- 
servation that the (strong) mixing of a dynamical system implies its mild mixing. 

The purpose of this paper is to present a certain class of special fiows over 
circle irrational rotations which are mildly mixing but not mixing. The first 
example of mildly mixing dynamical system that is not mixing (using Gaussian 
processes) was constructed by Schmidt in [18]. Another famous example of a 
mildly mixing but not mixing system is the well-known Chacon transformation 
(here the mild mixing property follows directly from the minimal self-joining 
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property) . Recently, the first two authors proved in [5] that the class of special 
fiows built from piecewise absolutely continuous functions with a non-zero sum 
of jumps and over a rotation by a with bounded partial quotients is mildly 
mixing. The absence of mixing follows from a more general result of Kochergin 
[13] concerning special flows built over any irrational rotation on the circle and 
under functions of bounded variation. 

Opposite to the situation in 0, in this paper we will deal with the case where 
the sum of jumps of the roof function / is zero. Let Tx = a; + a be an irrational 
rotation on the circle, where a has bounded partial quotients. Let / : T ^ E be 
a positive piecewise absolutely continuous function whose derivative is square 
integrable and let {^i, . . . stand for the set of its discontinuity points. Let 
di = d{£,i) stand for the value of the jump at ^i, z = 1, . . . ,p, i.e. 

d(^) = lim f{x) — lim f{x). 

Suppose that the sum of jumps of /, i.e. S{f) = ^^=idi, is equal to zero. 
Then without loss of generality we can assume that / is piecewise constant. 
Indeed, this follows from the fact that every absolutely continuous function 
whose derivative is square integrable is cohomologous (whenever a has bounded 
partial quotients) to a constant function (the proof of this fact involves the 
classical small divisor argument). 

Let us deflne now two additional properties that / may satisfy: 

(PI) whenever a nontrivial sum J2i^inidi with rii G Z, i = l,...,p equals 
zero, there exist I < i < i' < p such that rii and n^/ are nonzero and 

6 (Q + Qa)\(Z + Za); 

(P2) 

/ /(a;)da;^^(C^+Q + Qa)d,. 

Example. If / = a + &X[o,c): where a,b > and a/b ^ Q + Qa and C ^ (Q + 
Qa) \ (Z + Za), then / satisfles (PI) and (P2). 

The main result of the paper, whose proof is postponed until Section [6l is 
the following condition for the mild mixing. 

Theorem 1. If a has bounded partial quotients and / : T ^ M+ is a piecewise 
constant function satisfying properties (PI) and (P2) then is mildly mixing. 

In the case where the sum of jumps is non-zero the proof of the mild mixing 
property (see [5]) is based upon two tools: a property that emulates the Ratner 
condition introduced in JlTj (we will describe it in detail in Section [U; and the 
absence of partial rigidity. 

In the case of zero sum of jumps only the first property will survive, although 
Ratner's property will follow from different arguments than those from |5j; the 
property (PI) will play the main role. In contrast with the method from [5], 
special flows considered here are partially rigid (special flows under piecewise 
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constant functions are partially rigid for an arbitrary irrational a; see Remark[5]) 
and we can not apply Lemma 3 in [5|. 

In Section [3] we deal with a natural class of singular flows on the two-torus 
that arise from quasi-periodic Hamiltonians flows by velocity changes. We give 
some conditions, under which they have special representations satisfying (PI) 
and {P2). 



2 Basic definitions and notation 
2.1 Factors 

Assume that S ~ (S'f)tgR is an ergodic flow on a standard probability space 
{X,B,fj,). By that we mean always a so called measurable flow, i.e. we require 
that the map R 9 t ^ if ° St,g) G C is continuous for each f,gG L'^{X, B, /i). 
Let (i„)„GN be a sequence of real numbers such that tn — >■ +oo. We say that a 
flow S on [X, B, ^) is rigid along (i„) if 

fi{AnS-t„A) ^ fi{A) (1) 

for every A £ B. By a factor we will mean any 5-invariant sub-cr-algebra A of 
B. Then a factor ^ C S of 5 is rigid along (i„) if the convergence ([1]) holds for 
every A G A. 

Recall that a flow is mildly mixing iff it has no non-trivial rigid factor (see \1\ 
p.84). 

A flow S on {X,B,^) is called partially rigid along if there exists < 
u < 1 such that 

liminf n S-tnA) > ufi{A) for every Ae B. 

n— *cx3 

Lemma 1. Let S — {St)teM be an ergodic measure-preserving flow on a proba- 
bility standard Borel space {X, B, /j,). Suppose that S is not mildly mixing. Then 
there exists a nontrivial factor A <Z B of S and {tn)nefi with tn — > +00 such 
that 

St„^E{-\A), 

weakly in C{L'^{X, ^)) , i.e. for any g,h G L^{X,^) we have 

lim / h o St ■gdij= / E{h\A)-gd^. 

This lemma is a continuous time version of a result which can be found in 
[15] for measure-preserving transformations. For the completeness we outline 
the main arguments from [15]. The proof is based on the theory of joinings of 
dynamical systems. For the background of this theory we refer the reader to |10) . 
By a self-joining of a flow S — {St)teR on (-'^I'B, /i) we mean any probability 
{St X S't)tgR-invariant measure on {X x X,B <^ B) whose projections on X are 
equal to /i. The set of self-joinings of S, denoted by J{S), considered with 



3 



the weak topology becomes a metrizable compact semitopological semigroup 
for the operation of composition of self-joinings (see |lOj Ch.6 for definitions). 
For every i £ M by fiSt € J{S) we define the graph joining determined by 
jjisA^ X B) = ij{A n S^^B) for A,B £ B. Suppose that A' is a non-trivial rigid 
factor of S. Then we put 

I{A') = {pe JiS) : pU'®^' = (/i/d)^' and p £ {pst ■ t e R}}. 

Then, as noticed in \15^, I{A') is a semitopological compact semigroup and 
hence it contains an idempotent, which corresponds to a factor fulfilling the 
requirements of Lemma [TJ 

Suppose that ^ C B is a factor. Let us consider the standard (quotient) 
probability Borel space {X/A, A, pa), where pA is the image of p via the factor 
map TT : {X,B) {X/A, A). Denoting by V{X,B) the set of probability mea- 
sures on {X,B) let {px G V{X,B) : x G X/A} be the disintegration of p over 
the factor a-algebra A. Then (see [7]) 

PxiA) - E{xA\A)ix) 

and 




Px{A) dp_A{x) 



for every A £ B and for ^^-a.e. x G X/A. We say that A has finite fibers 
if there exists a natural number k such that px is the uniform measure on a 
fc-element set for /x^-a.e. x G X/A. 



2.2 Fraction expansion and discrepancy 

We denote by T the circle group M/Z which we will constantly identify with the 
interval [0, 1) with addition mod 1. Let A stand for Lebesgue measure on T. For 
a real number t denote by {t} its fractional part and by its distance to the 
nearest integer number. For an irrational a € T denote by (g„) its sequence of 
denominators (see e.g. p4]), that is we have 



1 



'2qn<ln-\ 



< 



< 



1 



(2) 



where 



qo = 1, qi = ai, qn+i = a„+igr„ + qn-i 

PO = 0, _Pl = 1, Pn+l = an+lPn + Pn~l 

and [0; ai, a2, . . . ] stands for the continued fraction expansion of a. 

Proposition 1. (Denjoy-Koksma inequality, see J 11^) If f : T ^ ] 
tion of bounded variation then 



is a func- 



fc=0 



f{x + ka) 



fdX 



< Var/ 



for every x gT and ti G N. 
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We say that a has bounded partial quotients if the sequence (a„) is bounded. 
If C = sup{a„ : n G N} + 1 then 

< n < Ik""!! < < 



2Cg„ 2g„+i Qn+l q-n 

for each n G N. 

The following lemma is well-known. 

Lemma 2. Let a G T 6e irrational with hounded partial quotients. Then there 
are constants Ci , C2 > such that for each m G N the lengths of intervals I in 
the partition of T arisen from 0, —a, . . . , — (m — l)a satisfy 

— <\I\<—. 
m m 

We will also need the following simple fact. 

Lemma 3. Let a G T fee irrational with hounded partial quotients and let 
/3 G Q + Qa. Then there exists ci > such that for each to G N the lengths 
of intervals I in the partition of T arisen from 0, —a, . . . , —(to — l)a, 13,13 — 
a, . . . , (3 — [m — l)a is at least ci/m. 

Proof. Assume that (3 = {pi + P2Ci)/q, where Pi,_P2 G ^ and (7 G N. Suppose 
that < r, s < TO and /3 — sa ^ — ra mod 1. If q{r — s) + p2 7^ 0, then from 
Lemma [2] we have 

g ||(/3 - sa) + ra|| > \\q {{(3 - sa) + ra)\\ = \\{q{r — s) + P2)a\\ 

Ci Ci 

> : > 



qm+\p2\ {q+\p2\)m 
whence - sa) + ra\\ > -^(^^^^,- If qir - s) +P2 = 0, then 



1 1 

> - > • 

q qm 



□ 



3 Singular flows on two-torus 

Let : ^ M be a C°°-quasi-periodic function, i.e. 

H(x + m,y + n) = H{x, y) + mai + na2 

for all {x,y) G and m,n e Z, and where a = 01/0:2 is irrational. Points of 
the two-torus are denoted as x, with real local coordinates x and y. Then H 
determines a (quasi-periodic) Hamiltonian flow (/it)tgE on the torus associated 
with the following differential equation 

dx fdH dH 

^-X^ix), whereX^^I^— — 
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Figure 1: 



Suppose that H has critical points and H is in the general position, i.e. H 
has no degenerate critical points and has all critical values distinct. An example 
of the graph of such a Hamiltonian is plotted in Figure [H In particular, each 
critical point is either a non-degenerate saddle point or a non-degenerate center. 
Moreover critical point repeats periodically (with period 1 in each coordinate) 
but their critical values are distinct. 




Figure 2: 



Then recall results by Arnold p] . Any connected component of a level set of 
H passing through a critical point is either bounded (a point or a lemniscate- 
like curve) or it has the shape of a folium of Descartes. In the unbounded 
case, the critical value level set of H separates the plane into two unbounded 



components and a disk; the closure of the disk is called a trap. A trap is 
homeomorphic to a closed disk and has a critical point on the boundary, called 
the vertex of the trap (the same terminology supplies when we pass to T^). 
The phase portrait of the Hamiltonian flow on the torus determined by the 
quasi-periodic Hamiltonian from Figure [His presented in Figure El In this case 
the flow has two traps (shaded areas). Then traps with distinct vertices are 
disjoint. Therefore the phase space of {ht)teK. decomposes into traps fllled with 
fixed points, separatrices and periodic orbits, and an ergodic component EC 
(white area in Figure [21) of positive Lebesgue measure. 

3.1 From (ht) to singular flows 

Now will change velocity in the fiow {ht)tm- Let Bi, i = 1, . . . ,p be all traps 
and Xi, i = 1, . . . ,p their vertices. Suppose 5 : — > R is a non-negative C°°- 
function which is positive on the torus except of the points {xi, . . . ,Xp}. Let 
us consider the flow {ipt)tem on \ {xi, . . . ,Xp} associated with the following 
differential equation 



Since the orbits of {(pt) and (ht) are the same (modulo flxed points of (ht)), 
the phase space of {(pt)t(ER decomposes into traps fllled with critical points, 
separatrices and periodic orbits, and the ergodic component EC with positive 
Lebesgue measure. 

Let us denote by a; = ujx £ J-^{EC) the 1-form of class C°° given by 



As it was proved in [6], J^^jdujx exists, and if a has partial bounded quo- 
tients and Jgpdwx 7^ then the flow {(pt)tm on EC is weakly mixing and 
simple in the joining sense. 

The aim of this paper is an exploration of the case dujx — 0. Let us 
consider the induced 1-form ijc^i' on T^, where v — dx /\ dy, i.e. 



Since the flow (ht) preserves the form i/, d{ixHv) ~ (Liouville theorem). Let 
(71, 0-2 : [0, 1] —> stand for the pair of generators of i/i(T^, Z) given by 



— = X{x), where X{x) 



Xh{x) 



u;{Y) = {X,Y)/{X,X). 



ix^iy{Y)^dxAdy{XH,Y). 



(t,0), (72 (i) = (0,t) for t e [0,1]. 



Then 




— i?(i, 0)dt = iJ(l, 0) - iJ(0, 0) = ai 



and similarly ixn'^ — 0^2. 
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Fix Xa e T^. Then £_i = /^J ^Xh'^ is well defined up to Zai + Za2 for 
i = 1, . . . ,p. Moreover, for every i = 1, . . . ,p put 




As it was shown in di is well defined for i = 1, . . . ,p and 




Theorem 2. Suppose that ai/a2 is an irrational number with bounded partial 
quotients. Assume that J^^dujx = 0. If X satisfies the following properties: 

1. whenever a nontrivial sum X^iLi "^i*^* Ui E Z,, i — 1, . . . ,p equals to 
zero, there exist 1 < i < i' < p such that Ui and are nonzero and 
i^ - 6' G (Qai + Qa2) \ (Zai + Zaa); 

2. 

V 

gdvi +Qai +Qa2)d^, 

i=l 

then the flow [ipt) is mildly mixing. 

Remark 1. Notice that — + Zai + Zq;2 does not depend on the choice of 
Xq. Since X^iLi '^i — 0, YTi^ii^i + ^Q^i + '^oi2)di does not depend on the choice 
of xa as well. 




3.2 Special representation of {(.pt) 

In this section we will describe a special representation of the flow {ipt) and we 
will indicate why Theorem [2] follows from Theorem [TJ 

Assume that T is an ergodic automorphism of a standard probability space 
{X,B,fj,). If / : X R is a strictly positive integrable function, then by 
Tf = (T/)tgR we will mean the special flow under / (see e.g. Chapter 11) 
acting on where = {{x,s) & X xR : < s < f{x)} andB^ (/z^) 

is the restriction of B ^ B{M.) {fi (g) Ak) to X^ (Ak stands for Lebesgue measure 
on M) . Under the action of the flow each point in X^ moves vertically at 
unit speed, and we identify the point {x,f{x)) with {Tx,0). More precisely, if 
{x, s) e X^' then 

T/(x,s) = (T":r,s + t-/(")(x)), 
where n G Z is a unique number such that 

/(")(a;) <s + t< f^"+^\x) 

with 

f f{x) + f{Tx) + ... + f{T"'~^x) if 
= <^ if 

[ - (/(T"x) + . . . + fiT-^x)) if 



TO > 

m — 
TO < 0. 
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We can now describe a special representation of the flow (tpt) which appeared 
in Section [31 As it was proved by Arnold in [2], there exists a closed C°°- 
curve in EC transversal to the orbits of {ht)tm, and which is homologous to 
CT2. Fix a point xq on the transversal. Let cr : [0, Q!2] be the induced 

parameterization of the transversal such that cr(0) — xq and 



<t(0) 



ixh^ = s for all s £ [0, a2] 



Moreover, the flrst-return map (Poincare map) is determined everywhere on the 
curve, except for the flnite set {o'{f3i) : i = 1, . . . ,p} of points that are points 
of the last intersection of the incoming separatrices of vertices of traps with the 
transversal curve (^(/Si) corresponds to Xi). In the induced parameterization, 
the flrst-return map is the rotation by ai mod 012 • Moreover, Pi G ^i+Zai+ZQ;2 
for i = 1, . . . ,p. 

For the flow ((y5t)(gM on EC we will consider the same transversal. Then 
a is also the induced parameterization for the vector field X and the form 
g{x, y) dx A dy which is preserved by X. As it was proved in [6], the return time 
is a C°°-function of the parameters from [0,a2] everywhere except of points /3i, 
i = l,...,p. Moreover, this function / : [0,0:2] — >■ is piecewise absolutely 
continuous with jumps at Pi of size di for i — 1, . . . ,p and the derivative of / is 
square integrable. Next notice that 



l{x,y)dxdy 



EC 



fix) dx. 



Indeed, let us consider the parameterization 

9 : {(s,x) : x e [0, a2),0 < s < f{x)} EC given by 9{s,x) = ipsicrix)). 
Then 



ds 



and 



g{x,y)dxdy 



EC 



{s,x) = X{9{s,x)) 



g{9{s, x)) \ det D9{s, x) \ ds dx. 



Moreover 
det 1361(5, x) 



det 



-^e{s,x) -^9{s,x) 
ds dx 



= det 



Xi9{s,x)) —e{s,x) 
dx 



} DH{9{s,x))^9{s,x) 
g[a(s,x)) dx 



g{9{s, x)) dx 



{Ho9){s,x) 



Moreover H{9{s,x)) = H{ips{a{x))) = H{a{x)) and 



fa{x) 



/a(0) 



iy{XH,<j'{t))dt 



di 



Hoa{t)dt = H{a{x))-H{a{0)). 
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Consequently, 



I gdv= i i dsdx= f{x)dx. 

J EC Jo Jo Jo 

Finally, rescaling [0,a2] by the multiplication by l/a2 we conclude that ((pt) 
is isomorphic to the special flow built over the circle rotation Tx = x + a, where 
a = ai/a2 and under a piecewise absolutely continuous function f : T —^ W 
whose derivative is square integrable. Moreover, the sum of jumps S{f) equals 
zero and if S = {^i, • • • is the set of discontinuity points of / and dj = 
d{^i) stand for the value of the jump at ^i, i = 1, . . . ,p, then / satisfies the 
properties (PI) and (P2). Without loss of generality we can assume that / is 
right-continuous and < $i < . . . < < 1. 



4 Properties of special flows under piecewise con- 
stant roof functions 

Let Tx = a: + a be an irrational rotation and let / : T ^ R+ be a piecewise 
absolutely continuous and right-continuous function such that S{f) = 0. Let 
!B = {^1, . . . ,^p} stand for the set of discontinuity points of / and di = d{^i) 
stand for the value of the jump aX i = 1, . . . .p. 

Remark 2. Recall that if a has bounded partial quotients and C : T — > K is 
an absolutely continuous function with zero mean such that (' G i^(T, A) then 
by the classical small divisor argument C is a coboundary. It follows that every 
piecewise absolutely function / : T ^ R whose derivative is square integrable 
and such that S{f) = is cohomologous to a piecewise constant function whose 
discontinuities and jumps agree with discontinuities and jumps of /. We will 
henceforth assume that / is piecewise constant. 

Remark 3. Notice that if / satisfies the property (PI) then for every m G N 
the set {^i — ja : 1 < i < p,0 < j < m} is the set of discontinuities of /(™). 
Indeed, if has no jump at — ja then there exist I < ki < . . . < ku < p 
and < ji < m for I = 1, . . . ,u such that ^fe, — jia = — ja for I = 1, . . . ,u and 
S^r=i '^ki = 0, which is impossible because ^fc, — ^fc,, G Z+Za for ah 1 < 1,1' < u. 
Remark 4. Let a stand for the minimal value of /. Notice that 

/p p 
f{x) dxea + ^ diii + ^Zdi. 
i=l i=l 

Indeed, since Y^^^i di = 0, we have 

/ fix) dx = f{Q - E I E (^^+1 - ^i) = « + (/(^p) - «) + E 
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Our claim follows from the fact that differences of all values of / belong to 
J2^=i '^di. Using additionally (P2) it follows that 

p 

a^^Qdz. (3) 

4=1 

We will now show that (PI) together with (P2) imply the weak mixing of 
Tf . Recall (see e.g. [T2]) that all we need to show for the weak mixing of is 
that for every r € E \ {0} the equation 

V'(ra;)/V'(a;) =e2'^*''-^(^) 

has no measurable solution i/i : T ^ Let '^C S x S stand for the equivalence 
relation given byx^yiffy — Za. Since YTi=i = 0, the property (PI) 
impHes the existence of at least two nontrivial equivalence classes. 

Proposition 2. (see Proposition 1.9 (Hi) and Corollary 1.6 in I9j) The equation 

ij{Tx)/^P{x) = e2"/(^) 
has a measurable solution -i/) : T iff 

d{£^') € Z for each ^ G S and / f{x) da; G Z + Za. 

Corollary 1. // / satisfies (PI) and (P2) then the special flow is weakly 
mixing. 

Proof. Suppose contrary to our claim that T-^ is not weakly mixing. Then by 
Proposition [2] there exists r G M \ {0} such that 

r d{^') G Z for each ^ G S and r / f{x) dx E Z + Za. 

By (PI), Ee-^c d{C) for every ^ G S and hence Ee-e '^(^') = "c/^' ^^^"^^ 
G Z \ {0}. It follows that 1/r G ELi 'Qd,, and hence 

J f(^^)dxe?^^^cJ2iQ + Qa)d,. (4) 

Fix 771 G 5 and let 772 be an element of S such that 771 ^ 772- Since 

E,,^-,,, div') njr for i = 1,2, 

^ 7i2d(ry;) - ^ riid(77^) - 0. 
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But Ui ^ for i = 1,2 so by (PI), there exist ri[ ^ rji and 772 ~ ??2 such that 
^71 ~ '72 G 'Q + 'Qck) hence r/i — 772 S Q + Qa- Since rji and 772 are arbitrary, 
p p p p 

j2 d^^^ e + Q + Qa) = + ^(Q + Qa)d, = j](Q + Qa)d,, 

i—l i—1 i=l i=l 

and hence 



Thus by g]) 



i=l 'i=l 

r ^ 

J /(x)dxe^(C.+Q + QaK, 



contrary to (P2). □ 

Remark 5. Notice that special flows under piecewise constant functions are 
partially rigid for an arbitrary irrational a. Indeed, suppose that / : T — > R is a 
positive piecewise constant right-continuous function for which S = {^1, . . . , ^p} 
is the set of discontinuity points of / and di = d{^i) stand for the value of the 
jump at ^i, i = 1, . . . ,p. Then 

i=l 3=0 

By the Denjoj^-Koksma inequality, 

< 2 



<?„-! 

3=0 



for each x €T and £ ^. Since X^iLi di = 0, it follows that 

p 

/(?.)(^) _ /(?.)(o) e • {-2,-1,0,1,2}. 



Put c/ = J f{x)dx. By the Denjoy-Koksma inequality, the sequence (/^'"■' — 
9nC/)„gN is uniformly bounded, so by passing to a subsequence, if necessary, we 
can assume that 

- qnCf).X ^ P 

in the space P(R) of Borel probability measures on K, and /^'"■'(O) — g„c/ 
7. Then P is concentrated on the finite set {7} + D. Now an application of 
Proposition 4.1 from pj yields 

A^((r^)^^^^Ans) f \f [{Tf)_^AnB) dP{t) 

for every A, B £ , which implies the partial rigidity of along the sequence 
{inCf + to)nef-h where to € {7} + D is a point for which P{{to}) > 0. □ 
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5 Ratner's property 



Let Tx = X + a be an irrational rotation such that a has bounded partial 
quotients and let / : T ^ ]R+ be a piecewise constant right-continuous function. 
In this section, we will show that, if / satisfies properties (PI) and (P2), then the 
special flow satisfies a condition (called Ratner's property) which emulates 
the Ratner condition from |17j . 

Definition 1. (cf. [5l[l7l[2D]) Let {X,d) be a cr-compact metric space, B be the 
(T-algebra of Borel subsets of X, a Borel probability measure on {X,d) and 
let (S't)teR be a flow on the space {X,B,iJ,). Let P c M \ {0} be a finite subset 
and io G IK \ {0}. The flow {St)teM. is said to have the property R(io, P) if for 
every e > and iV G N there exist k = K{e) > 0, S — S{e, N) > and a subset 
Z = Z{e, N) £ B with n{Z) > 1 — e such that if x, x' £ Z, x' is not in the orbit 
X and d{x,x') < S, then there are M — M{x,x'), L = L{x,x') > N such that 
L/M > K and there exists p — p{x, x') e P such that 



#{n e Z n [M, M + L]: d{Snto{x), Snto+p{x')) < e} 



> 1 



Moreover, we say that {St)tm has the property R{P) if the set of s e M such 
that the flow {St)tem has the R(s, P)-property is uncountable. 

As it is known (see fS] or [17] or [20]) this Ratner's property impHes that the 
flow (St) is a finite extension of any its nontrivial factor. 

Lemma 4. Assume that f satisfies the property (PI). Then there exist a finite 
set F C K.\ {0}, K > such that for each N > 1 we can find S — S{N) > such 
that for each x ^ y, \\x — y|| < i5 there are L = L{x, y) > N , M = M (x, y) > N 
such that L/M > k and for some p ^ F we have 

/'"'(x) — f^^^y) = p for each integer n between M and M + L. (5) 

Proof. Since a has bounded partial quotients, there exists < c < 1 such that 

\\ja\\ > -r^ for j e Z \ {0} and < - for all n e N. (6) 

Let be a natural number such that if — ^i' G (Q + Qa) \ (Z + Za) for some 
1 < < p then there exists a natural number h < H such that 

h{^i — — mi + am2 with mi, m2 G Z and \m2\ < H. 

AO 



Put K 



ApH'^{l + c^)' 



Given > 1 we put S — ^ ^^„,_, ^ttt- Now tixx ^ y such that lla; — yll < 

2pH'^[\ + c°)jSI 

5 and let s > 1 be a unique number so that 

^ <\\x-y\\<-. (7) 
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Then 

2/. - ""^''^/"'V . (8) 

c' 

We will now consider n = g^, gs + 1, . . . , qs+4 ~ 1 and look at the corresponding 
values /'-"•'(a:) — /'■"^(y). We claim that for each Qs < n < qs+4 we have 

: £ [-i?, i?] n n| , (9) 

where i? = 2/c^ + l. Without loss of generality we can assume that x < y. Then 
the function Z^"-* is piecewise constant and 

p n— 1 

Therefore we only need to show that there is a bounded number (counted with 
possible multiplicities) of discontinuity points of in the interval {x,y]. 

This is however clear because by ^ and ([7]) we have 

„ 2 1 
x-y < 

qs+4 

and for a fixed I < i <p and any < j ^ j' < gs+4, 

c 



llte-J«)"te-/«)ll> 



9s+4 

hence for a fixed I < i < p there are at most R — + 1 numbers < j < qs+4 
with — ja £ (a;, y] and the claim is proved. 

Put F := V \ {0}. Notice that it is enough to indicate a sufficiently long 
integer interval contained in [qs,qs+4) such that for each n in this interval 
/(")(a;) ^ f^^Hy)- Indeed, suppose J C [qs,qs+4) a long enough integer in- 
terval such that for each n & J we have /'"'(x) ^ f^^Hv)- In view of ([9]), 
/^"Hy) - /'"Ha;) G F for n e J. Note that if and have the same 

points of discontinuity (counted with possible multiplicities) in the interval {x, y] 
then (2/)-/'"+^Ha:) = /'"Hz/) -/'"H^^)- Since has at most i?p dis- 
continuities in {x,y], we can split J into at most Rp+ 1 integer intervals so that 
for every such interval J <Z J the sequence (/'"■' (2/) ~ f'"^H^))neJ constant. 
Therefore if J' is the longest one then \ J'\ > \ J\/{Rp + 1) and for some p G F 
we have f'^^^y) — f''"'\x) = p for all n G J'. We will show in the sequel that 
there exists such an interval J, with J C [gs,'Zs+4] and |J| > min((7s_i, ^|%-). 
The bounds M and M + i of an associated interval J' will satisfy M, L > N 
and L/M > k. 

Suppose < i < g^+i is the smallest so that /(^=+*)(a;) = f'^'^'^^Hy)] if 
there is no such i we pass directly to the final argument of this proof taking 
J — [qs,qs+i]- We now look for the smallest j > such that for some 1 < k < p, 
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£.k — {Qs + i + G (.X, y] (that is we wait until a new discontinuity point comes 
in {x,y]). We have 

0<i<g,+i. (10) 

Indeed, by basic properties of the discrepancy Dg^^j^{a), for each z €:T in each 
interval of length 2/qs+i there must be a point of the form z — wa for some 

< ui < Qs+i, and we apply this to the interval {x,y] and z = — {Qs + i)<x 
(for each k = 1,. . . ,p). 

Hence, in view of the definition of j 

We now consider f (1^+^+1+^) (y) - fiis+^+j+v) (x) for w = 1, . . . , q,+4, -{qs + i+j) 
until (if it exists) vq for which /(9=+i+J+"o) (j.) = j(9.+i+i+*'o)(y). We have 

(with the same formula for y) , so by the definition of j we obtain 

Moreover, by the definition of j, we have £ (T'?=+*+-'x, T*=+*+^2/] (we consider 
intervals on the circle) for some I < k < p. This implies that /, hence Z^""-*, 
has some discontinuity points between x + {qs + i + j)a and y + {qs + i + j)a. 
Therefore there exist rij € N \ {0} for i = 1,. . . ,u, with 1 < u < p and some 

1 < ki < . . . < ku < p such that 

u 

= /(''o)(r9.+»+^a;) - /(''o)(T9^+i+Jy) =J2nidk^, 

i=l 

which by the assumption (PI) means that there are I ^ I' such that 

-6,, e {Q + Qa)\{Z + Za). 
Moreover, ||T'^=+*+-'x — T''=+*+-'j/|| < ^ and for some < w,w' < vq we have 

and in particular 

\\{^k^-wa)-{^k„ -w'a)\\ < -. 

Qs 

However 

(Q + Qa) \ (Z + Za) 3 6, - 6,, = ("^i + m2a)/h, 
where mi,TO2 G Z with |m2| < -ff and ft- G N with h < H. Therefore 



{h{'w — w') — 1712) a\\ ^ 



mi — (/i(ti; — w') — m2)a 



h - ft „ 

\\{^,^-yja)-{ik,-w'a)\\<^. 



(12) 
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Moreover h{w — w') — m2 ^ 0. Indeed, if h{w — w') — 7712 = then |1toi//i|| < 
2/qs < 1/H < l/h, therefore mi — 0. But that gives 

. . m2a . i\ ^rj, 
£.ki - tfc,, = — ^ = (w - w )a <= La, 

which has been excluded. In view of ([6]), || {h{w — w') — 1112) a\\ > fi \ T^_yy\^\jn^\ ■ 
Hence (by lO) 



c c c 2H 
< < < 

Hvq H{\w — w'\ + 1) h\w — w'\ + \m2\ Qs 

and finally vq > jjp-. It is now enough to take J = [qs + i + Qs + i + j + vq] 
to conclude. 

If (y) ^ fiis+t+o+v) (x) for w = 1, . . . , qs+A ~{qs+i+ j) then we 

can take J = [qs + i + j, qs+i] ■ 

Now let J' C J be an integer interval such that | J'| > \J\/{Rp + 1) and for 
some p € F we have f^'^Hy) - f^^^Kx) = p for all n G J' . Let Af, L be natural 
numbers such that J' — [M, M + L]. Then in view of ([8]) we obtain 

L > \J\/ {Rp + 1) > 2^^^g ^ min [qs+i - qs, gs+4 - 2qs+i - g, 

. / cqs \ 

M > > cg,+i > A^, 
and 

^ ^ C Is+l ^ C 



> :r—. --^^ > 



M - ApH^ic^ + 1) qs+4 - ApH^ic^ + 1) 
□ 

By Corollary [H Lemma [4] and Lemma 6 in [5] and we have the following. 

Theorem 3. Assume that a has bounded partial quotients and / : T ^ M+ 
is a piecewise constant function satisfying properties (PI) and (P2). Then the 
special flow has the R(7, P) -property for every 7^0. 

Now from Theorem 4 in fS] and the subsequent remark we have the following. 

Corollary 2. Assume that a has bounded partial quotients and / : T ^ M+ is 
a piecewise constant function satisfying properties (PI) and (P2). Then is 
a finite extension of each of its non-trivial factors. 



6 Mild mixing 

Assume that T is an irrational rotation by a which has bounded partial quotients 
and / : T — > R+ is a piecewise constant function satisfying properties (PI) and 
(P2). In this section using Ratner's property we will prove that Pf is mildly 
mixing. 
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Lemma 5. Let Tx = x + a be an irrational rotation and let f : T ^ W be a 
positive integrable function with respect to the measure A. Suppose that A C 
is a factor of with finite fibers, say k-point in a.e. fiber. Assume that A is 
rigid and moreover that t/^ E{-\A), for a fixed real sequence (tn) going to 
+00. Then for each e > we can find a family {/i, ...,/;} of pairwise disjoint 
intervals on T of the same length < e for which X]j=i Vj \ > 1 — e, o-nd no G N 
such that for every n > no and each I < j < I there exists a measurable set 
/j""* C Ij such that A(/j"^) > and if x G /j"^ then there exists m € N 

such that tn e + {-e,e) and \\ma\\ < e. 

Proof. We divide the set T x (0,£) into consecutive vertical strips (squares) 
Si,. . . ,Si of width e and the last strip which may have smaller width. The fam- 
ilj' /i, . . . . /; is defined as the base intervals of those squares. Then l-^jl > 

1 — e. By the assumption we know that 

Xf{Tl,JSj)nSj)^ J E{Sj\A)xs,dXf, 
for i = 1, . . . , I. Moreover E{Sj\A){x, r) = (A0^^(^,^) {Sj), where 

denotes the disintegration of A-^ over the factor (Tf'/A, (X^) (and each (A-^)^ 
is the uniform measure on a A;-element set) and tta '■ 

T/ ^ Tf/A is the natural 

projection. For each S G , for a. a. {x,r) G S we have i^07r^{xr) — ^1^' 
Applied to S = Sj this gives 

J E{SM)Xs,dXf >lxi\Sj). 

Therefore there exists no G N such that for n > no we have 

xf{Tl,^{Sj)nSj)>^xf{Sj) 

for all j = 1, . . . , I. Suppose that {x,t) G t/^ (Sj) fl Sj and m S N is a unique 
number such that f^"^^x) <t + t„< /('"+i)(a;). Then 

tI {x, t) = (T^a;, i + 1„ - /^"^ (a;)) e Sj C X x (0, s) 

and hence tn £ f^'^Hx) + (-£,£)• Since (.t, t), (T^x, t + t„ - f^'^Hx)) £ Sj 
and the width of Sj is less than e, we obtain ||TOa|| = \\T"^x — < s. Taking 
/j") = {xG Ij : 3o<t<e {x, t) e Tli.^{Sj) n Sj} completes the proof. □ 

Assume that a has bounded partial quotients and / : T — »• 1R+ is a piecewise 
constant function satisfying properties (PI) and (P2). 



17 



Lemma 6. Under the assumptions on A of Lemma\^ there exist a finite set 
^ C M and < ^ < 1 such that for each (sufficiently small) e > and 
n > no, (riQ — no{e) ) there exists a family {Ij)i<j<i of pair wise disjoint intervals 

of length < e such that Yl!j=i l^jl > 1 ~ ^ '^'^'^ there exists a family {jf^^^ 

of measurable sets such that /^"■' C Ij and A(/j"'') > for j = 1, . . . , Z, and 
for every a; G there exists s G N for which 

f^^^x) e tn + F + (-e,£) and \\sa\\ < e. 

Let us insist on the fact that the novelty of Lemma [6] after Lemma \5\ is the 
fact that does not belong to F. Roughly speaking, the proof of Lemma [6] 
goes along the following lines: a little e and a large n are fixed. Since / is 
piecewise constant, by Lemma [5] and its proof, there is a maximal family of 
intervals Ki,K2, . .. ,Ki such that, for each j, there exists s such that for all 
X £ Kj, |/^''-'(a;) — tn\ < £■ The measure of U-j^iKj is not too small. Also, the 
distances between these Kj are not too small. We associate to each Kj a right 
adjacent interval Kj. These new intervals will do the job. 

Proof. Let a and b stand for the minimal and maximal value of / respectively. 
Let F be the set of sums 

dki + + ■ ■ ■ + dk,, 

such that 1 <ki < .. . < ku <p satisfy 6. - ?fe., ^ (Q + Q") \ + Z") for all 
l<i,i' <u. By (PI), ^ F. Let 

Fi = {nga + nidi + . . . + Updp : < |no| < 2pb/a, \ni\ < 2pb/a + = 1, . . . ,p}. 

In view of |[3l) , ^ Fi. Recall that (see Remark [3]) for every m G N the set 
{ii — jot 1 < i < p,0 < j < m} is the set of discontinuities of 

From Lemmas [2] and [3] there exist ci, C2 > such that for any natural m the 
lengths of subintervals given by the partition of T into the points of discontinuity 
of are at most C2/m and if £,i — £,j G Q + Qa and — ra ^ £,j — sa then 

11(6 - ra) - (6 - sa)\\ > — for all < r, s < m. (13) 

m 

Fix < e < min(a/2, 1/2) such that 

(-2£,2e) n (FUFi) = 0. (14) 

By Lemma [5] we get the family of intervals {/i, ...,/;} and the natural number 
no = '^o(e)- We consider now n > hq such that 

tn > max{16klc2b,3e). (15) 

We now estimate for how many j's the graph of f^-^^ has a non-empty intersection 
with the rectangle Tx [i„ — £, tn + s]. If m is the maximal, and mi is the minimal 
such a j, then > am and < mib, so 

"T-i > m ■ — and <n/2 < mib. (16) 
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Furthermore, the length of any interval on which /^^^ is constant for some 
mi < s < m is at most 02/1111. Moreover, for every mi < s < m 

if < x' — X < Ci/m, X, x' are continuity points of 

and Z^'*'' is not constant on [x,x'] then f'''''\x') - f^''\x) E F. 

Indeed, 

p s — 1 

/(^) (x) - /(^) (x') = 5] d.X(.,.o (6 - ja) 

i=l j=0 

and by ^ ii ~ ia,ii> - /a S {x,x') then either - ^ Q + Qa or 
~ jet — Ci' — j'ct- It follows that for every 1 < i < p there exists at most one 

< i < s such that — ja G (x, a;'), and hence 

/(-) (^) _ fis) (^') = 4^ + 4^ + . . . + dk,^ , 

where 1 < /ci < . . . < /c„ < p and 6, - ^fe_, ^ (Q + Qa) \ (Z + Za) for all 

1 < < u. 

Let us consider the set 

7^") := (J Int{xe/j:/(^)(x)e(t„-e,t„+e),||sa||<e}. 

mi <s<m 

Then 7)"^ is the union of disjoint consecutive intervals Ji, . . . , Jn+i, i-e. Ji lies 
on the left hand side of Ji+i for all 1 < i < A^. Since /j"' C "^i; have 

A(/;"')>^i/.i. 

Suppose that x e ij"^ and f^'^Hx), f^^ \x) e (i„ — e, t„ + e) for some mi < 
s < s' < m. Then 

{s - s)a < /(^'-^) (T^x) = /(^') - /(^) (x) S [0, 2e) C [0, a), 

hence s = s' . 

Suppose that x € Ji and s is a natural number such that /^'*^(a;) S i„ + 
(-e,e). Then /(^) is constant on Ji. Indeed, otherwise there exist continuity 
points x,x' e Ji of Z^"*^ such that < x' — x < ci/m and f^'^^ is not constant 
on [x,x']; then by (fTT]) . 

which is impossible. It follows also that for every i ~ I, . . . , N + 1 there exists 
"^l < Si < m such that \\sia\\ < e and /'^'-"(a;) G t„ + (— e,e) for all x G Ji. 
It is also clear that the ends of the interval Ji are discontinuities of /'^''•^ for 
i = 1, . . . , N + 1, maybe except for the left hand end of Ji and the right hand 
end of Jn+1- Therefore | Ji| < C2/mi for z = 1, . . . , iV + 1. Moreover, 

i^<^l^l<A(/r)<A(U^O<(iV + l)^. (18) 

i—1 
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Hence, by (|T6l) and (|T5|) we obtain 

N + l> > > 2 

Aklc2 ~ 8klc2b ~ 

and hence TV > 1. 

Notice that for every 1 < i < N the distance between Ji and J^+i is at least 
Ci/m. Otherwise, there exist continuity points x € Ji, x' G J^+i for Z^'^'+i) such 
that < x' — X < ci/m. Since is not constant on [x, x'], by (flTl) . we have 

- G F. Then 

C -i^ + i-2e, 2e) c (-2p&, 2p6), 

since F C {~pb,pb). It follows that js^+i — s^j < 2pb/a and hence 

= (s,+i - s,)a + nidi + ... + Updp, 

where \nj\ < 2pb/a for j = 1, . . . ,p. If Si+i ^ si then 

(-2£,2e) 3 f'-''+'\x') - f^''\x) e /(^'+i-^')(r^'x) + F C i^i, 

which is a contradiction. Therefore Si+i — Si and then 

/(^')(.T')-/(^')(:r) eFn(-2£,2£), 

which is also impossible. 

For every z = 1, . . . , iV let J^' stand for the open right adjacent to Ji interval 
of length ci/m. If x' G J^ is a continuity point for Z*^**'^ then we can find x € Ji 
such that < x' — X < a/m. So we have 

f(s,) (^') £ (a,) + c F + i„ + (-e, £), (19) 

by (fT7| . because f'^^^^ is not constant on Clearly, (flOl) holds also for 

possible discontinuity points of Moreover 

^ iV + 1 C2/mi ^ 8A;c20 

2—1 ' I— 1 

by ([m and JTe]). Set 

N 



ir - u ^- 



=1 



Then A(/5"))>e|/j|, where e- 



Ci Q 



Lemma 7. Under the assumptions on A of Lemma[^ there exist a finite set F, 
with ^ F C M and a real ^, with < ^ < 1 such that for each s > there exist 
no G N and a finite family {Pi,j,e}i,j of pairwise disjoint rectangles in with 
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diameter less than e and whose union is of -measure at least 1 — e such that 
for each Pij,e andn > no there exists Pi^j\ C Pij^e with X-^ {P^^^\) > ^A-^(Pij-^e) 
such that if (x, t) G Pi^\ then 

d{T/^j^p{x, t), {x, t)) < e for some p G F. 

Proof. We fix £ > and consider the family as in Lemma [H (taking e/2 

instead of e). Let us consider the family of all rectangles of the form Pij^e = 
li X (je/2, (j + l)e/2) which are subsets of 

:= {{x,t) eTf : e <t < f{x) ~ e} 

Taking e small enough, we can make A-^ (U^jPij^e) arbitrarily close to 1. By 
Lemma [6l there exist < ^ < 1 (independent of e) and no such that for 
each n> riQ there exists a family of measurable sets {/^"^ , • ■ • , //"^ } such that 
/J"^ C li and A(j|"^) > for i = 1, . . . , ^ and for every x € there exist 
s G N and p € F for which 

f'^'\x) e t„ +P + (-£/2,£/2) and |lsa|| < e/2. (20) 

Suppose that (x,t) e Pi,i,e and x e /f"''- Let s be a natural numer for which 
l(2U|) holds. Since (x,i) G and ||sa|| < e, we have (T^x^t) and e < t < 

f{T''x)-e. Let £„ = i„ +p- (x). Then |£„| < e/2 and < i + e„ < fiT'x). 
Therefore (T"a;, i + e„) G and 

(T^a;,i + £„) =T/^^^(.,(^)(x,i) =T/^+^(x,t). 

Consequently 

d{Tl+p{x, t), {x,t)) = llT^x - a:|| + |£„| = ||.sa|| + |£„| < e. 

Now taking P/j'^ — {{x, t) G Pj,j\e : x G /f"^} completes the proof. □ 

Lemma 8. Under the assumptions on A of Lemma\^ there exist a finite set F, 
with ^ P C K and a real with < ^ < 1 such that for every A E we 
have 

Y,X^{Tl,^,pAnA)>^XfiA) 
for each n large enough. 

Proof. First suppose that ^ C T-^ is a rectangle. For every e > let 

Ae = [j{P^,3,e C A : d(P„- „ 9^) > e}. 

i,3 
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Fix e > such that X^{A^) > ^Xf{A). By Lemma [7l for all n large enough 

there exists ^^,1 ^ P^,j,e with A/(p/ J) > (Xf{P^^J,e) such that if {x,t) € p/J^ 
then 

d{T/^^p{x,t), < £ for some p ^ F. 

Let 

Then A-'' (Ae,„) > ^A^ (A^). If for each p e F we put 

^?,„ = {(a:,t) e : d(T,{+^(x,i),(x,t)) < e} 
then A§ „ C r_:^(j^_^^-| A n A and ^£^„ = U^^^^ ^f_„, which yields 

|a/(^) < A/(^,„) < ^ A/«J < \f{TL,^,^AnA). (21) 

pG-F pSF 

From this inequality, it is immediate that 

^\fiA)<J2\fiT[,^_^AnA). 

peF 

is still true for any finite union of pairwise disjoint rectangles. By standard 
approximation of a Borel set in T x R by such unions, the inequality extends to 
any element of . □ 

Proof of Theorem [H Suppose, contrary to our claim, that is not mildly 
mixing. By Lemma [H there exists a nontrivial rigid factor „4 C S-^ of T-f and 
(in)nGN with tn +00 such that t/^ — > E{- \ A) weakly. From Corollary [2] it 
follows that ^ C is a factor of T-f with finite fibers. Using Lemma [HI for 
every A ^ A we have 

J2^HTU^-pAnA)>^\fiA) 

for each n large enough. Since we conclude that 

J2^nTl,AnA)>^XfiA). (22) 

pGF 

for every A & A. Let us consider the flow on /A. First notice that /A 
cannot be finite. Otherwise, since the extension T-'^ /A is finite, T-'' is 

finite, a contradiction. As on /A is ergodic and /A is not finite, a 
Rokhlin lemma for fiows insures the existence of A G ^ of positive measure 
such that T[pA n A = for all p G F. □ 



22 



References 

[1] J. Aaronson, An introduction to infinite ergodic theory, Mathematical Surveys and Mono- 
graphs, 50 AMS, Providence, RI, 1997. 

[2] V.I. Arnold, Topological and ergodic properties of closed 1-Jorms with incommensurable 
periods, (Russian) Funktsional. Anal, i Prilozhen. 25 (1991), 1-12; translation in Funct. 
Anal. Appl. 25 (1991), 81-90. 

[3] LP. Cornfeld, S.V. Fomin, Ya.G. Sinai, Ergodic Theory, Springer- Verlag, New York, 1982. 

[4] K. Pr^czek, M. Lemanczyk, A class of special flows over irrational rotations which is 
disjoint from mixing flows, Ergod. Th. Dynam. Sys. 24 (2004), 1083-1095. 

[5] K. Fr^czek, M. Lemanczyk, On mild mixing of special flows over irrational rotations 
under piecewise smooth functions, Ergod. Th. Dynam. Sys. 26 (2006), 719-738. 

[6] K. Frqczek, M. Lemanczyk, Smooth singular flows in dimension 2 with the minimal 
self-joining property, preprint. 

[7] H. Furstenberg, Recurrence in ergodic theory and combinatorial number theory, Prince- 
ton University Press, Princeton, N.J., 1981. 

[8] H. Furstenberg, B. Weiss, The finite multipliers of infinite ergodic transformations. The 
structure of attractors in dynamical systems (Proc. Conf., North Dakota State Univ., 
Fargo, N.D., 1977), Lecture Notes in Math. 668, Springer, Berlin, 1978, 127-132. 

[9] P. Gabriel, M. Lemanczyk, P. Liardet, Ensemble d'invariants pour les produits croises 
de Anzai, M6m. Soc. Math. France (N.S.) 47 (1991), 102 pp. 

[10] E. Glasner, Ergodic theory via joinings. Mathematical Surveys and Monographs, 101 
AMS, Providence, RI, 2003. 

[11] M. Herman, Sur la conjugaison differentiable des diffeomorphismes du cercle a des ro- 
tations, Publ. Mat. IHES 49 (1979), 5-234. 

]12] A. Katok, Cocycles, cohomology and combinatorial constructions in ergodic theory (in 
collaboration with E. A. Robinson, Jr.), in Smooth Ergodic Theory and its applications, 
Proc. Symp. Pure Math., 69 (2001), 107-173. 

]13] A.V. Kochergin, On the absence of mixing in special flows over the rotation of a circle 
and in flows on a two-dimensional torus, Dokl. Akad. Nauk SSSR 205 (1972), 949-952. 

Jl4] Y. Khinchin, Continued Fractions, Chicago Univ. Press, Chicago, 1964. 

Jl5] M. Lemanczyk, F. Parreau, Lifting mixing properties by Rokhlin cocycles, preprint. 

Jl6] J. von Neumann, Zur Operatorenmethode in der klassischen Mechanik, Ann. of Math. 
(2) 33 (1932), 587-642. 

]17] M. Ratner, Horocycle flows, joinings and rigidity of products, Ann. of Math. (2) 118 
(1983), 277-313. 

Jl8] K. Schmidt, Asymptotic properties of unitary representations and mixing, Proc. London 
Math. Soc. (3) 48 (1984), 445-460. 

]19] K. Schmidt, P. Walters, Mildly mixing actions of locally compact groups, Proc. London 
Math. Soc. (3) 45 (1982), 506-518. 

J20] J. -P. Thouvenot, Some properties and applications of joinings in ergodic theory, in Er- 
godic theory and its connections with harmonic analysis (Alexandria, 1993), London 
Math. Soc. Lecture Note Ser., 205, Cambridge Univ. Press, Cambridge, 1995, 207-235. 

E-mail addresses: fraczel{;@mat. uni.torun.pl 
mlem@mat.uni.torun.pl 
lesigne@univ-tours.fr 



23 



